Abstract. We study the generalization of the mass function of classes of regular spherically symmetric black holes solutions of in 4D coming from the coupling of General Relativity with Non-linear Electrodynamics, through the requirement of the energy conditions. Imposing that the solution must be regular and that the Weak and Dominant Energy Conditions are simultaneously satisfied, for models with the symmetry T 0 0 = T 1 1 of the tensor energy-momentum, we construct a new general class of regular black holes of which two cases are asymptotically Reissner-Nordstrom.
Introduction
Since the beginning of General Relativity solutions of black holes has gained a lot of attention. A black hole has the following basic characteristics [1] : It is a solution of Einstein's equations and there is a surface that separates the causal structure of space-time, called the event horizon. These solutions initially always presented a singularity covered by this horizon, thus representing a great difficulty of physical interpretation. In 1935, Einstein and Rosen suggested a small modification [2] , changing the signal of the contribution of the electromagnetic field, to formulate a geometry that could escape the singularity within the event horizon, thus creating the wormholes. This persistence in obtaining a solution in which geodesics were not to be interrupted by a singularity continued until a suggestion of Bardeen [3] , known as Bardeen's regular black hole. This new structure was always regular in all space-time, not presenting singularity in the curvature scalars and their contractions, as R, R µν R µν and K = R µναβ R µναβ , besides having an event horizon. Many solutions of regular black holes have arisen since then, which always present some characteristics in common, as it is the case of Bardeen. Most solutions have spherical symmetry [4] - [20] and there are some with axial symmetry [21] - [28] . We can also have regular solutions in modified gravity theory [29] - [31] .
There are some key features in getting new solutions for regular black holes. One is that the metric and the curvature scalars do not have divergence in all space-time. This in spherical symmetry is sufficient to ensure regularity [1] . Another feature that arises when trying to avoid the appearance of a singularity, the energy distribution is similar to that of a de Sitter-like solution, with p r = p t = −ρ (Sakarov criterion [32] ) for p being the radial or tangential pressure, and ρ the energy density, clearly violating the Strong Energy Condition (SEC), ρ + 3p ≥ 0. Thus, a good possibility to obtain new solutions appears in the coupling of the gravitation with the call Non-Linear Electrodynamics (NED) [33] , where this equation of state is common. The Bardeen's regular black hole can be interpreted as a solution coming from an NED [34] . There are also regular solutions that behave asymptotically as Reissner-Nordstrom or others that do not have this characteristic, as is the case of Bardeen. Another important characteristic is that coming from the so-called energy conditions. For solutions with spherical symmetry, it can be shown that every regular solution of black hole violates in some region the SEC [35] , but the Dominant Energy Condition (DEC) and Weak Energy Condition (WEC) can always be met, as is the case of Bardeen which always satisfies WEC.
We have new possibilities for attempting to construct solutions of regular black holes with spherical symmetry that always satisfy a WEC, this has been started in the work to Balart et al [36] . The idea is that one can generalize quite to obtain regular solutions through the requirement to always satisfy WEC. Following this direction started in [36] , we can show that there are still several possibilities for new solutions of regular black holes, which can be asymptotically Reissner-Nordstrom or not. From the requirement to satisfy WEC, regularity and to be asymptotically Reissner-Nordstrom, one can construct metrics much more general than those already presented in the literature. This is the central idea in this work.
The structure of the work is divided as follows. In section 2 we present the structure of the Einstein's equations related to the models of regular solutions and the WEC, DEC and SEC. In section 3 we obtain a new class of solutions of regular black holes through the exigences of the previous section. We present our conclusions and perspectives on section 4.
The energy conditions and the regular black hole solutions
We will briefly present how the possible models of regular black holes are related to agreement with WEC and DEC.
Let us first consider a metric that is spherically symmetrical and static
where a(r) and b(r) are arbitrary functions of the radial coordinate. The action of the theory is given by the coupling between gravitation and NED
where R is the curvature scalar and L N ED ≡ L N ED (F ) is an arbitrary function of the scalar F = (1/4)F µν F µν , with F µν = ∂ µ A ν − ∂ ν A µ being the Maxwell tensor. This theory falls to Maxwell for the specific choice L N ED = F . One known form of formulation for regular black holes is to introduce a mass function M (r) through component g 11 of the metric by
Making the functional variation of the action (2.2) in relation to the metric we have the following Einstein's equations
where
We have used a(r) = −b(r) which arises from the spherical symmetry and the equation G 3 = −p t , with ρ being the energy density and p r and p t are the radial and tangential pressure respectively. Now we can establish the energy conditions [2] SEC(r) = ρ + p r + 2p t ≥ 0 , (2.6)
where, in view of the identities DEC 1 (r) ≡ W EC 3 (r) and N EC 1,2 (r) ≡ W EC 1,2 (r), this conditions are not written. Performing coordinate transformation r = 1/x, from (2.4) we have
Then we see directly W EC 1 (x) = 0 which is always satisfied. We also have DEC 2 (x) = 2W EC 3 (x). So let's focus on the energy conditions
Now we will focus only on solutions that always satisfy the WEC and DEC. If we require the WEC and the regularity of the metric we must have [36] 
In the next section we'll show how to build new classes of regular black hole solutions.
The new class of regular black hole solutions
The work of Balart et al suggests a mass function M (x), which behaves asymptotically as ReissnerNordstrom and is general as
with c 1 and c 2 being positive constants, and α positive integer. Actually α need not be positive integer if we do not require the solution to be asymptotically Reissner-Nordstrom. We can verify that the W EC 1,2,3 (x) and the DEC 1,2,3 (x) are always satisfied for the model (3.1) and SEC(x) is violated to some region, as expected [35] . We can now show that there are several other possibilities of generalization of this mass function. Taking the requirements (2.15), (2.16) and the WEC We can construct the following mass function
3) [38] , and 3M ⊙ < m < 10 2 M ⊙ for detections of gravitational waves from the merger of binary black holes by the LIGO Collaboration [39] . Actually we can even more restrict the mass for 3M ⊙ < m < 40M ⊙ [40] .
The mass function (3.3) recover some regular black holes solutions already known. For c 3 = c 5 = c 7 = 0, c 8 = 1, c 1 = q 2 /2, c 2 = (πq 2 /(8m)) 2 and α = 2 we have the regular black hole of I. Dymnikova [14] . With
2 , c 2 = 2ml 2 , α = 3 we have the regular solution of S. A. Hayward [41] . We construct a more general solution than (3.3) in the appendix A. For the rest of this work we will make c 8 = 1.
The Lagrangian L N ED , its derivative L F ≡ ∂L N ED /∂F and the electric field F 10 , for the mass function (3.3), are given, in terms of the radial coordinate, by
, (3.6)
with κ 2 = 8πG. Taking the mass function (3.3) the WEC, DEC and SEC on (2.12)-(2.14) are
10)
We see that the SEC can never be satisfied in all space-time, always in some region it will be violated, being consistent with the result of [35] .
If we look for solutions that only satisfy the WEC and DEC we will find solutions that can be singular, since the general mass function (3.3) is not restricted to only regular solutions. Therefore, we must first ensure regularity in all space-time. For this, we will calculate the curvature scalar and Kretschmann for the following metric
which results in
If there is a divergence in the curvature scalar then there will also be a divergence in the Kretschmann scalar. For spherically symmetrical solutions it is then convenient to first check the regularity of the curvature scalar. Thus, by taking the mass function (3.3), the curvature scalar becomes
We can see that in the asymptotic limit x → 0 we have R(x) ∼ x 4 → 0, for c 4,6 ≥ 0. Now for the solution to be regular in origin x → +∞, we have to check the power of x that govern. Then in this limit we have the following powers that govern in the numerator of the curvature scalar α + c 4 − c 7 and α + c 6 − c 7 . Considering c 4 ≥ c 6 , then the highest power is α + c 4 − c 7 , which subtracting from the denominator, which is α, become c 4 − c 7 . For these considerations the dominant power of the curvature scalar, for this limit, becomes R(x) ∼ x c4−c7 . Then the curvature scalar goes to zero or to a constant for c 4 ≤ c 7 . So let's do c 7 = c 4 + k, with k ≥ 0, this ensures that the solution is regular at x → +∞.
Let's now check the energy conditions for c 4 ≥ c 6 and c 7 = c 4 + k, with k ≥ 0
We can see that the W EC 2 (x) is always satisfied. However, in the W EC 3 (x), the term [−c 2 c 3 kx α+c4 ] can never be compensated, when k > 0, for it be satisfied. Then we take k = 0, which implies c 7 = c 4 . Now is the term [−c 2 c 4 x α ] which must be compensated, which is solved for the choice c 7 = c 4 = α. So the WEC and DEC can be fulfilled to (4 + α)c 3 ≥ αc 2 and c 6 ≥ α, but previously we imposed 
Let's check the properties for the particular case where α = 1. The curvature scalar, the Kretschmann scalar and the mass function are given by We then have the following limits
We see here that this is a regular solution in all space-time and asymptotically flat. We can expand the mass function on Taylor series to x << 1 25) with m being the ADM mass and q the electric charge. When c 1 = q 2 /2 and c 3 = [2q 2 /(75m)] the solution becomes asymptotically Reissner-Nordstrom. We can verify the same behavior for all cases of integer α. We still have the possibility of fractional α.
The functions L N ED , L F and F 10 , in terms of the radial coordinate, are written as
22781250m 6 r 6 , (3.27)
The Lagrangian and the electric field are regular in all space-time. In the appendix B we will use this solution to show a way to construct regular solutions in the f (R) theory. Now we can turn our attention to another direction to construct solutions that satisfy WEC and DEC. 
Let's look at a particular case for α = 1, c 2 = 2c 5 and c 3 = 5c 2 5 . In this case the mass function, curvature scalar and Kretschmann are We then have the following limits
We see here again that this is a regular solution in all space-time and asymptotically flat. We can expand the mass function on Taylor series to x << 1
When c 1 = q 2 /2 and c 5 = [q 2 /(15m)] the solution is asymptotically Reissner-Nordstrom. We can verify the same behavior for all cases of integer α. We still have the possibility of fractional α.
The functions L N ED , L F and F 10 , for the radial coordinate, becomes 
Taking the example c 2 = [(4 + α)/α]c 3 , α = 2 we have The Lagrangian and the electric field are regular in all space-time.
Conclusion
We assumed that the derivative of the mass function derived from the coupling of General Relativity with Non-linear Electrodynamics, with symmetry
, it should be finite for the asymptotic limit of radial infinity and be proportional to a positive power (negative for x = 1/r) in the limit of the origin of the radial coordinate. This led us to construct a more general mass function than that of the Balart case, which for some limit of the parameters may fall in this particular case.
Imposing regularity in all space-time we arrive at a relation between the constants of the mass function, which imposing the WEC and DEC, results in three solutions that have two free constants, which were related to the mass ADM and the electric charge, for asymptotically flat cases. Two classes of solutions are asymptotically flat and asymptotically Reissner-Nordstrom, in the case c 6 = −α the solution is asymptotically non-flat only for α integer.
Solutions logically violate SEC in some region. But we believe that there are still other classes of regular solutions that simultaneously satisfy WEC and DEC, coming from the mass function (3.3).
Appendix B: Generalization to f (R) Gravity
In this appendix, we will show a way to find regular solutions in f (R) theory coupled to the Non-linear Electrodynamics. The action that describes this theory is given by:
3)
The equations of motion may be written as
where f R ≡ df (R)/dR. To construct the solutions we consider the line element (2.1) with the ansatz (2.3). From the components (4.4) and assume a = −b, we can write [30] f R (r) = c 1 r + c 0 , (4.5)
that recover General Relativity for c 0 = 1 and c 1 = 0. The function f (R) is obtained, in terms of the radial coordinate, through 6) where the curvature scalar in given in terms of the mass function as
From (4.4) and the modified Maxwell equations, the functions L N ED , L F and F 10 are
In this sense, all the relevant expression are written in terms of the mass function. So that, for which different mass function we have a different f (R) theory and a different Non-linear Electrodynamics. Is also important verify if the solutions satisfy the energy conditions. However, from the theorem proved in [31] , the energy conditions are identical from the General Relativity.
As an example, we will use the mass function ( In fig. 1 we show a parametric plot for f (R) × R. In this we can see the non-linear behavior of this theory. If c 0 = 1 and c 1 = 0 we recover the result of General Relativity. The method present in this section can be used to construct much more regular solutions. Some examples are described in [30, 31] .
